Abstract: An experimental verification of a parameter estimation algorithm for finite-element (FE) model updating for damage quantification of a concrete beam with extensive damage is presented using the measured frequency response function (FRF) data. The intact stage of the beam and four progressive damage stages are investigated to update the FE model to quantify the damage across the beam. The method uses a subset of measured FRF data for FE model updating via a quasi-linear sensitivity equation of structural response. A least-squares algorithm with an appropriate weighting technique is used for parameter estimation. Proper selection of excitation frequency ranges for model updating is addressed. Predicted equivalent stiffnesses demonstrate the success and robustness of the method in damage quantification, even when using only a subset of the measured FRF data.
Introduction
Structural responses to loads predicted by mathematical models of structures are based on assumed structural parameters that may not fully represent their real behavior. The mismatch between the analytical model and experimental measured responses can be from contaminated measurements (measurement errors) and inaccuracies in the model (modeling error). Measurement errors can be controlled with good test apparatus, high-quality transducers, and signal conditioners combined with state-of-the-art signal processing. Modeling errors are often caused by inaccuracies in the selection of element types, the assumed model parameters, and use of idealized boundary conditions. Accurate evaluation of the structural conditions for retrofit and maintenance planning requires accurately calibrated mathematical models. Therefore, it is essential to calibrate structural models to reduce differences between the analytical models and experimental measurements for improving response predictions.
Existing structural parameter estimation methods can be classified into several groups, depending on the type of acquired data used to detect, locate, and/or quantify structural damage. These publications include changes in modal data by Koh and Dyke (2007) , Ismail et al. (2012) , Dutta and Talukdar (2004) , Roy and Chaudhuri (2013) ; frequency response functions by Mohan et al. (2013) , Huang et al. (2012) , and Zhu et al. (2014) ; strain energy by Seyedpoor (2012) ; and flexibility matrix by Zhang et al. (2013) . An extensive literature review on model-updating techniques can be found in Doebling et al. (1996) .
Generally, any structural model-updating techniques necessitate overcoming some of the challenging issues. Incomplete measurements, measurement errors, model uncertainty, environmental effects, and mathematical complexity should be addressed to achieve a reliably calibrated model. Depending on the case study, one or more of these issues may dominate the final outcome.
With a finite-element (FE) model, estimation of a realistic damage pattern is not always guaranteed if the bending stiffness of each element can vary independently. Therefore, FE model calibration for concrete structures is challenging when there is widespread damage within the body of the structure. To avoid dealing with a rapid change of stiffness parameters for adjacent elements, Ren and De Roeck (2002) , Maeck et al. (2000) , Teughels et al. (2002) , and Fang et al. (2008) used preassumed damage functions to decrease the number of unknowns and guarantee monotonic change of stiffness parameters of concrete structures. The proposed method was verified using experimental frequencies and mode shapes, whereas preassumed damage functions were used to decrease the number of unknowns and obtain meaningful results. Although preassumed damage functions can be used to avoid nonrealistic models, they can also restrict damage distribution to a limited number of simplified damage patterns, which may not be realistic. Jaishi and Ren (2006) proposed an element-level, sensitivity-based FE model updating based on the experimental modal flexibility residuals. The identified damage pattern obtained by model updating was comparable with those obtained from the tests. It was indicated that the modal flexibility is sensitive to damage, and that the proposed procedure is promising for the detection of damaged elements. This method used a large network of sensors for measuring mode shapes at all transverse degrees of freedoms (DOF).
Successful FE model updating via an inverse method requires a large number of available measurements compared with the number of unknown parameters. Frequency response function (FRF)-based methods can provide an abundance of data by using measured responses in a wide range of excitation frequencies. Also, FRF data can be extracted without numerical approximations, such as curve fitting, and thus are less susceptible to error compared with modal data. Because of these advantages, measured FRF data are very promising for identifying structural damage (Bandara et al. 2014; Wan et al. 2014) .
For a robust model updating against measurement errors, the change in structural responses should be large enough compared with measurement errors. Change in the FRF of a structure due to damage is inherently significant and is expected to yield a robust estimation of the structural parameters. However, a well-established sensitivity relation is required to express FRF changes. Deriving exact sensitivity equations, which are a linear function of structural parameters, would require a complete set of measurements at all DOF, and this is quite impractical.
To deal with the drawbacks of incomplete measurements, Sipple and Sanayei (2014) used the numerically evaluated sensitivity equation to perform parameter estimation of the University of Central Florida (Orlando, Florida) grid benchmark structure and full-scale bridge structure. Likewise, model reduction or data expansion can be used to update an FE model via partially measured data (Conti and Donley 1992) . Model reduction will convert a linear sensitivity equation into an algebraically nonlinear set of equations. The solution of a nonlinear set of equations created through an iterative method is numerically not as stable as a linear set of equations. Using a data expansion technique to get measurements at all DOF will create a linear sensitivity equation. However, it results in inaccurate parameter estimates caused by the introduction of errors in the prediction of unmeasured structural responses. These incorrect response predictions can be interpreted as high measurement errors and cause errors in parameter estimates.
A Taylor series expansion of the objective function can be used without model reduction or data expansion; however, model updating using the Taylor series linearization (a derivation-based sensitivity equation) will still be nonlinear. Lin et al. (1993) attempted to improve the derivation-based sensitivity equation by using analytical values of FRF data instead of unmeasured responses, and assumed measurements were available at half of all possible DOFs, which is impractical for real structures. Esfandiari et al. (2009 Esfandiari et al. ( , 2010 proposed a FRF-based parameters estimation method using incomplete measured responses derived through a quasi-linear sensitivity equation. To address the challenges posed by using incomplete measurements in the derivation of the sensitivity equation, the transfer function of the damaged structure was approximated using the measured natural frequencies and modal damping ratios of the damaged structure along with the analytical mode shapes of the intact structure. Numerical simulations were used to demonstrate robustness of the model updating for extensive damage cases using highly noise-contaminated data. They also discussed approaches for selecting subsets of measured responses and proper weighting of sensitivity equations.
In this paper, the proposed method in (Esfandiari et al. 2009 ) was validated using experimental FRFs for a reinforced concrete beam with progressive damage. Slight to extensive damage was gradually introduced by a two-point loading apparatus. First, numerical simulations were used to address the selection of frequency ranges for model updating of a simply supported beam for cases of distributed damage. Then, measured FRFs of a laboratory reinforced concrete beam were used for examining the applicability of the proposed method. Using the measured FRFs, model updating of the beam stiffness parameters and support spring stiffnesses of all elements was simultaneously performed at every stage of loading.
Theory of FE Model Updating Using FRFs
For a structure with n DOF, a change in structural response d Xðv Þ can be expressed in the frequency domain as (Esfandiari et al. 2009) 
where d K, d M, and d C represent change in stiffness, mass, and damping matrixes, respectively; v = excitation frequency; and Xðv Þ is the displacement vector of the structure subjected to the applied external load, which can be induced by either an impact hammer or a shaker. H d ðv Þ is the complex transfer function of the damaged structure. Note that j is ffiffiffiffiffiffi ffi À1 p . Because the measurement of excitations and responses at all DOF of an FE model is impractical, Eq. (1) cannot be used for parameter estimation of full-scale structures. At the same time, there are major advantages in using a linear set of sensitivity equations, such as robustness and fast convergence. To benefit from these advantages, H d ðv Þ is approximated through a well-defined expression using analytical mode shapes of the intact structure, incomplete measured natural frequencies, and the damping ratio of the damaged structure as
where m and n are the number of the measured natural frequencies and the total number of DOFs respectively; X id and z id are the ith-measured natural frequency and damping ratio of the damaged structure, respectively; X i and z i are the ith-measured natural frequency and damping ratio of the intact structure, respectively; and f i is the ith-analytical mass-normalized mode shape of the intact structure, which is used instead of an unmeasured mode shape of the damaged structure. Rewriting Eq.
(1) and using Eq. (2), the change in the dynamic response subjected to the applied harmonic load is related to the changes in stiffness, mass, and damping parameters as
where S S , S M , and S D are sensitivities of the dynamic response to the change in stiffness, mass, and damping parameters. Because this is a laboratory experiment in a controlled environment, it is not expected to have any concrete sapling and mass loss. Therefore, the mass properties of the laboratory beam were deemed to be accurate enough not to require calibration. Furthermore, FRFs away from resonance frequencies are not sensitive to changes in damping, and damping ratios of a stand-alone beam are known to be low. As a result, damping ratios are ignored in the parameter estimation of the beam experiment. For this beam, only stiffness parameters are considered as unknown parameters for each FE. Given d Xðv Þ and S S for various frequency ranges of interest, the system of equations [Eq. 
where S S (k,r) is the (k,r) entry of S S , the stiffness-sensitivity matrix; Xðv Þ is the analytical displacement; and H dk ðv Þ is the kth row of the approximated transfer function of the damaged structures defined in Eq. (2); and K r is the stiffness matrix of the rth elements, which is assembled into the global stiffness matrix. The sensitivities should be calculated individually for a given set of measurements and excitation setups and for all excitation frequencies.
For a reliable and a high-confidence solution, several factors should be addressed, including the sensor types and locations, excitation types and locations, the quality of the measured FRF data (measurement error), the accuracy of the mathematical model (modeling error), observability of the unknown parameters, sensitivity equation weighting, and the numerical methods used to solve the system of equations. In solving Eq. (3) for unknown parameters, a balanced attention to the previous factors is expected to result in an error-tolerant and robust parameter estimation system for FE model updating.
FE Model Updating
To validate the previous model-updating method and discuss challenging issues, it is essential to examine its numerical efficiency, convergence rate, and robustness against measurement errors. Furthermore, the observability of the estimated parameters by the selected subset of the response data should be investigated. In this paper, a 5-m pin-roller beam is considered to numerically simulate error-contaminated FRFs. The noisy FRFs will be used to examine robustness for the proposed parameter estimation method. The beam has a cross section of 250 Â 200 mm and a modulus of elasticity of 22,400 MPa. The beam is modeled using beam elements, and it is assumed that the axial deformations are negligible compared with the bending deformations. As a result, each element has two DOFs per node, transverse displacement and rotational. The FE model of the concrete beam is illustrated in Fig. 1 . This model is similar to the experimental setup shown in the next section. It had 30 elements, 31 nodes, and 60 DOF. For model updating using FRF data, the residuals between the FRFs of the intact and damaged structures should be minimized iteratively. Hence, the FRF of the intact structure (numerical) should move toward the FRF of the damaged structure (experimental). The FRF residuals related to the excitation frequencies between resonances of the intact and damaged structures show nonsmooth and nonmonotonous behavior, which is not desirable. Therefore, FRF data in the vicinity of these excitation frequencies should be excluded from use in model updating.
Modeling Issues
Idealized pin or fixed boundary conditions, coarse FE mesh, unreliable damping model, and failure to consider environmental conditions like temperature and moisture all result in unreliable and error-contaminated numerical models. The impact of these modeling errors is highly dependent on the topology of the structure and the response used for model updating. For FRFbased model-updating methods, damping effects heavily depend on the excitation frequencies. As shown in Fig. 2 , the damping ratio controls the amplitude of FRFs at frequencies close to resonances for limited ranges of frequencies. Damping effects decrease rapidly by moving away from the resonances. For FE model-updating methods using FRFs, damping does not have a major effect away from resonances and can be ignored.
In the proposed method, the effect of damping can be included in the sensitivity equation [Eq. (3) ] for model updating through the use of an appropriate damping model. Damping can be modeled through various methods, including Modal, Rayleigh, and Coulomb. Any inaccuracy of the considered damping model will deviate modelupdating results. However, for stiffness and/or mass parameters estimation, model updating using excitation frequencies at regions away from resonances can be conducted without considering damping. As a result, a smaller number of unknown parameters will be included in the model updating. By moving the excitation frequency away from the resonance frequency, the response is less sensitive to the shortcomings of damping models. The influence of this assumption by using measured FRF data away from resonances is minimal. In light of these limitations and experience of the authors, an interval of 2 Hz around the resonances is excluded from the model updating. The width of the frequency range affected by damping is structurally dependent and should be considered accordingly. 
Selection of Frequency Ranges
Robust parameter estimation necessitates model updating in frequency ranges in which large changes are observed in structural responses. FRFs of intact and damaged structures show large differences around their resonances. Generally, at higher ranges of excitation frequencies the change of response is more significant, and sensitivity matrix entries will be large. However, careful attention to the selection of excitation frequency is important. For a flexural structure, strain energy can be an index of element contribution to the structural response. Strain energy is dependent on the curvature of the element; therefore, elements located at zero-curvature or lowcurvature regions are expected not to contribute to the structural response and should exhibit low observability. For a beam structure, the number of zero-curvature regions increases at excitation frequencies around higher resonances; therefore, the number of lowobservable elements increases at higher frequencies. For elements in high-curvature regions, the contribution to the structural response increases, and these elements are more observable.
To investigate the contribution to the sensitivity matrix of each structural element of the beam, the norm of each column of the sensitivity matrix is considered as an index of observability. In this case, the norms of the columns of the sensitivity matrices calculated for three excitation frequency ranges are shown in Fig.  3 . These frequency ranges are located around the first three natural frequencies.
Each column of the sensitivity matrix represents sensitivity of the system of equations to a given parameter of an element. A comparison of the norms of the columns of the sensitivity matrix for the considered frequency ranges shows that by moving to higher-frequency ranges, the number of elements with low observability increases. These bending rigidities of elements are located at regions of zero-curvature zones. Furthermore, Fig. 3 shows that for elements at both ends of the simply supported beam in Fig. 1 , observability increases by moving to higher excitation frequencies. This is caused by a more local trend of structural response at higher frequency ranges. Hence, for a robust model updating it is essential to perform parameter estimation using wide ranges of FRF excitation frequencies, to the extent that such data can be measured.
Accuracy of Sensitivities
A robust and successful model updating using FRF data is heavily dependent on the derivation of the sensitivity matrix and the selection of the excitation frequency ranges for model updating. The derivation of an accurate linear sensitivity equation, such as Eq. (1), is desirable for parameter estimation. However, this equation is impractical, because it needs full instrumentation at all DOF. As stated before, options for dealing with incomplete measurements using sensitivitybased model-updating algorithms are data expansion and model reduction. Dos Santos et al. (2005) stated that updating unknown 2), data expansion and model reduction will be avoided, and the sensitivity equation [Eq. (3)] exhibits quasi-linear behavior and is able to identify extensive damage cases.
Weighting of the System of Equations
Weighting of the sensitivity equation is a challenging issue influencing the accuracy of parameter estimation. Several methods have been suggested in the literature for weighting the system of equations. There are also statistical methods available for weighting sensitivity equations based on the accuracy of measurements. Another approach is to normalize each equation by its second norm so that all equations have the same weight in parameter estimation (Esfandiari et al. 2009) .
Simulated model FE updating of the earlier beam structure showed that the weighting of equations for this case can reduce the impact of measurement errors. In this study, the authors tried several weighting methods. They found that weighting each row of the sensitivity equations by v À1=2 yielded the most accurate parameters in the presence of measurement errors. This weighting factor created a balance between large sensitivity values of lower excitation frequencies and more local behavior of higher excitation frequencies. For each solid FE element used to model the beam, the equivalent elastic bending rigidity, EI, is considered as the unknown parameters. The ratio of the updated EI to original EI is estimated as a damage index. Using the selected frequency ranges, model updating is conducted to estimate 30 unknown stiffness parameters.
Simulated FE Model Updating of a Beam
To investigate the potential of the proposed method for FE model updating, three cases of distributed damage along the concrete beam were simulated. These damage cases are simulated randomly to exhibit different patterns of possible damage for a simply supported beam. Based on the previous discussion, excitation frequency ranges for model updating were selected around each natural frequency, as given in Table 1 . To examine robustness of this method, three damage scenarios with reduction of bending rigidities of the beam in different regions were simulated for evaluation in the presence of measurement errors. Figs. 4(a) , 5(a), and 6(a) show three arbitrary distributed damage cases-in the middle of the beam, the sides of the beam, and in three regions, respectively. Additionally, normally distributed random measurements errors are simulated with a magnitude of 20% of the measurements and is proportionally added to the predicted FRFs of the FE model. A Monte Carlo experiment is performed for each damage case by simulating100 random observations of the FRFs and is used for individual FE model-updating runs. Furthermore, to investigate the robustness of the algorithm and the scatter of the predictions around averages, the coefficients of variation (COVs) are calculated for all predicted parameters. The averages of the predicted parameters and COVs for the considered damage cases are presented in Figs. 4-6. In these figures, the actual damage and the predicted damage are shown as damage percentages for bending rigidities.
The close match between the parameters with the simulated damage (actual damage) and model-updating predictions (predicted damage) and low COVs indicates an accurate and robust FE modelupdating algorithm at the element level. Each of the 100 simulated model-updating runs converged in a few iterations (fewer than five iterations). In summary, numerical simulations using noise-contaminated measurements indicated the potential of the proposed method for estimating structural parameters for cases of widespread damage. Low COVs of predicted results showed high confidence in parameter estimation. Additionally, to achieve robust model updating it is necessary to perform model updating using a wide range of excitation frequencies.
Experimental FE Model Updating
To investigate the ability of the proposed method to predict stiffness parameters for cases of extensive damage as well as its robustness against measurement errors, a laboratory beam was used. Fig. 7 shows the experimental setup for a reinforced concrete beam. The laboratory beam was dynamically tested in the intact stage. It was calibrated using measured FRFs, damaged using a two-point static loading, dynamically tested again, and calibrated using the FRFs for the damaged beam. The process of damaging the beam using static loading was performed in four stages. Static loads of 4.5, 16, 27, and 65 kN were applied to the concrete beam at individual loading stages.
The simply supported concrete beam in the laboratory was 5.2 m in length with a cross-sectional area of 0.25 Â 0.2 m. The compressive strength of the concrete was 25 MPa. The concrete beam was reinforced with six bars 5 m in length and 18 mm in diameter. The stirrups were 8 mm in diameter and spaced every 10 cm.
The concrete beam was supported symmetrically by two identical columns. Symmetrical roller supports were created for the beam, as shown in detail in Fig. 8 . Each support column was made from a 0.18 Â 0.25-m hollow rectangular section filled with concrete. Each column support was fixed to a thick, rigid concrete floor using six bolts. A steel plate was anchored to the top of each column to create a flat surface. A100-mm wide steel plate was attached to the bottom of the concrete beam at each support to distribute stress created by reaction forces. At 0.165 m from each end of the beam, a steel bar was inserted under the concrete beam to create a roller boundary condition. To prevent the concrete beam from rattling when subjected to dynamic loads, a rubber pad was inserted between the steel plate and the roller support. Fig. 9 shows the details of the FE model of the concrete beam. During the extreme damage concrete cracks are expected to go through the depth of the beam, thus, element lengths were chosen to be close to the depth of the beam to capture changes in bending rigidities. The FE model of the beam consists of 28 beam elements with two DOF at each node, a transverse translation and a rotation. Two vertical springs were considered to model boundary conditions at the supports.
The beam was excited using an impact hammer (Model 086D05 PCB Piezotronics, Depew, New York), and accelerations were measured using accelerometers (Model 731A Wilcoxon Research, Germantown, Maryland) at five points. The concrete beam was excited at Nodes 3, 8, 16, 21, and 26 , and acceleration responses were measured at Nodes 4, 7, 12, 15, 17, 22, and 25. (Node numbers are shown in Fig. 9 .) A sample of the applied impact load and measured acceleration for the intact beam is given in Fig. 10 . The FRFs of the concrete were obtained by dividing the fast Fourier transform (FFT) of the acceleration response by the FFT of the impact excitation force, as shown in Fig. 10(c) . To reduce measurements errors, 10 sets of measured excitations and responses were averaged in the frequency domain. A sample of coherence for the applied load and measured acceleration is presented in Fig. 10(d) . The calculated coherence shows the acceptable quality of the measured FRF and is used for depicting the best frequency ranges for model updating. The sampling rate was 2,048 Hz. Because the 731A Wilcoxon accelerometers behave linearly below 200 Hz, model updating can be performed only below 200 Hz. This is an acceptable range for this application.
Analytical natural frequencies of the laboratory beam were evaluated numerically using the FEM model in Fig. 9 . Table 2 shows the percentage differences of natural frequencies of the initial FE model with respect to the experimental frequencies. The percentage difference with respect to experimental natural frequencies is calculated as 100 · [(initial numerical − experimental)/experimental]. There are significant differences between the numerical and experimental natural frequencies of the intact beam. These differences indicate the need to update the assumed structural parameters of the FEM. The fourth and fifth mode shapes of the laboratory beam are quite different from a simple support beam, and a comparison of their natural frequencies will not be meaningful.
It is suspected that these differences are mainly from the boundary conditions of the beam at the ends supported by steel bars and rubber pads and the related stiffness parameters. Two springs at the supports were considered to model the effect of the rubber pads on the stiffness of the beam and the beam's response. The spring stiffness at the supports should be calibrated to match the FE model with the measured data. Initial values for the stiffness parameter of the rubber pads were approximated by trial and error as 70 MN/m. This value was used to update the model roughly and better match the natural frequencies of the initial FE model and experimental natural frequencies. Subsequently, the spring stiffnesses and beam element rigidities were simultaneously updated. Numerical and experimental natural frequencies for the initial model were compared with the experimental natural frequencies and given in Table 3 . After boundary condition stiffness modeling, stiffness parameters of all individual elements, including flexural rigidities of the beam elements and axial stiffness of the spring elements, were simultaneously updated using measured FRFs from impact testing. For the initial model updating and also damage cases that follow, the frequency ranges were selected based on the data-selection guidelines stated earlier and the quality of the experimental FRFs. The range of selected excitation frequencies in the first set were used for FE model updating, as shown in Table 4 . In these frequency ranges, FRFs are sensitive to changes in structural parameters, and optimization algorithms exhibit smooth and monotonous behavior (Esfandiari et al. 2009 ). Such frequency points are located around the natural frequencies of the intact and damaged structures.
Using the proposed method of parameter estimation presented previously for FE model calibration, stiffness parameters (EI) of the concrete beam were predicted and shown in Fig. 11 . Predicted values for the spring stiffnesses at the left and right side of the concrete beam were estimated at 41.5 and 50.6 MN/m, respectively. Overall, this figure shows more or less equal bending rigidities of the intact concrete beam elements. The natural frequencies of the updated beam model and the experimental natural frequencies are presented in Table 5 with the percentage relative difference calculated as 100 · (updated − experimental)/experimental. As shown in Table 5 , relative differences between the natural frequencies decreased for all modes, indicating small differences between the updated FEM and the real experimental structures.
A sample of an experimental FRF for the intact beam and the corresponding predicted FRF using the updated FEM is graphed in Fig. 12 , which shows a great match between the estimated and experimental FRFs, indicating a well-calibrated FE model of the intact beam. Differences between the FRFs at higher excitation frequencies are related to measurement and modeling error, especially those related to the damping modeling.
Furthermore, matching analytical and experimental models can be investigated using partially evaluated mode shapes by modal assurance criterion ( After calibration of the FE model of the intact beam, the concrete beam underwent the first stage of loading, during which it was loaded with 4.5 kN of force to induce a distributed damage using the testing machine shown in Fig. 7 . The applied load causes cracks in concrete and, consequently, decreases the effective bending rigidities EI. Using a steel interface beam, a one-point load applied by the testing machine was transferred to the concrete beam as a symmetrical two-point loading at a distance of 1.8 m. During the static loading process, the rubber pads were removed to prevent any damage to the pads and were replaced during the next stage of vibration testing. After causing damage by static loading, a new set of impact tests was performed. Table 6 shows the measured natural frequencies of the damaged beam. The last two columns show the relative difference between the intact initial FE model and the experimental FRFs (100 · (initial − experimental)/experimental) and between the updated FE model and the experimental FRFs (100 · (updated − experimental)/experimental).
The bending rigidity of all beam elements and the axial spring stiffness of two supports were updated simultaneously. The experimental natural frequencies were compared with the natural frequencies of the updated model and with the intact beam. To estimate the reduction in stiffness parameter, the intact beam model was updated using the second set of excitation frequencies in Table 4 . At this stage, stiffness parameters of elements number 1 and 28 in Fig. 9 were not considered in model updating, because they are located beyond the supports and do not contribute to the structural response. These elements do not experience major curvatures and also do not have major inertia force to influence structural responses.
The percentage of stiffness reduction regarding the initial values for bending rigidity along the beam length is plotted in Fig. 14. Damage Case 1 shows about 5% damage compared with the intact condition between the two point loads near the center, which was gradually reduced on the sides of the concrete beam. Table 6 shows the natural frequencies of the updated model compared with the measured natural frequencies. As this table shows, there was a close match between first four natural frequencies. Fig. 15 After model updating, the beam was reloaded with a force of 16 kN at the same position as the second load stage. Then, the load was removed, impact tests performed, and FRFs extracted. Table 7 shows the measured natural frequencies after the second load stage. The relative differences in percentages given in the last two columns are calculated the same way as in the previous table.
Then the FE model of the beam was tuned using the third set of excitation frequency ranges in Table 4 . Predicted reductions in stiffness parameters along beam length are plotted in Fig. 16 . Damage Case 2 shows about 13% damage compared with the intact condition between the two point loads near the center, which was gradually reduced on the sides of the concrete beam.
Predicted natural frequencies from the updated model are compared with the experimental resonances in Table 7 . This comparison indicates an improvement of frequency predictions by the updated model. Comparisons of the numerical and experimental FRFs are represented in Fig. 17 , which shows a close match between the experimental and predicted structural stiffness parameters.
At the third load stage, the beam was loaded with a force of 27 kN. Then, the load was removed and natural frequencies were measured, as shown in Table 8 . The FE model was refined using the fourth set of excitation frequencies given by Table 4 . The percent reduction in the stiffness parameters is plotted in Fig. 18 . Damage Case 3 shows about 18% damage compared with the intact condition between the two point loads near the center, which gradually reduced on the sides of the concrete beam. A comparison of the experimental and updated natural frequencies is presented in Table 8 . Predictions for this stage of model updating show a close match between the predicted and experimental resonances of the updated FE model. As shown in Fig. 19 , the similarity between the predicted and measured FRFs indicates a successful model calibration of the damaged beam.
At the fourth and final stage of loading, the beam was loaded with a force of 65 kN. The load was then removed and the beam tested to obtain its FRFs. Experimental natural frequencies are given in Table 9 . The FE model of the concrete beam was updated using the fifth set of excitation frequencies shown in Table 4 . Reductions in stiffness parameter are presented in Fig. 20 . Damage Case 4 shows about 22% damage compared with the intact condition between the two point loads near the center, which gradually reduced on the sides of the concrete beam. A comparison of the experimental and numerical resonances is given in Table 9 . As the compared natural frequencies show, there is a close match between the natural frequencies. A sample of the measured and updated FRFs is compared in Fig. 21 . This figure shows a close match between the estimated and experimental FRFs indicating a wellcalibrated FE model of the damaged beam. Table 9 and Figs. 20 and 21 show a good correlation between the numerical and experimental parameters. These figures demonstrate the ability of the proposed method to locate and quantify extensive distributed damage in the concrete beam using the proposed FRFbased method. 
Conclusions
In this paper, measured FRFs are used through a quasi-linear sensitivity equation to estimate stiffness parameters at the element level. The measured natural frequency of the damaged structure and the mode shapes of the intact structures are used to develop a wellapproximated evaluation of the FRF of the damaged structure that cannot be measured practically. Selection of the excitation frequencies for successful parameter estimation is discussed using simulated noisy FRFs of the simply supported beam.
The proposed method was successfully applied to a laboratory pin-roller beam using experimental FRF data for identification of beam-bending rigidities. The beam was loaded with a two-point loading setup to introduce progressive damage leading to an extensive distributed damage along beam length. The beam was damaged in a four-stage static loading. Impact testing was performed on the laboratory beam at the intact stage and after each of the four damage stages. The beam was dynamically excited at selected points on the beam using an impact hammer, and response accelerations were measured at other points. Experimental FRFs were constructed and used to select the best frequency ranges of the measured data for parameter estimations. The selected frequency ranges of FRFs were used for parameter estimation and FE model updating of the intact structure and their four damage stages. After calibrating the intact model, damage Cases 1-4 corresponding to loads 4.5, 16, 27, and 65 kN resulted in distributed damage in the beam. These bending rigidity reductions were successfully located and quantified. Application of the proposed method revealed its potential and robustness for identification of extensive distributed damage using a subset of the measured FRF responses.
